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Fig. 2 Typical space-time correlation functions at fixed overheat
currents.
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Fig. 3 Optimum longitudinal autocorrelation functions.

Fig. 4 Eddy convection velocities.

shown for the total (or wideband) turbulence as well as for
turbulence filtered to follow eddies of size X = 7.5S, 36, and
7.56. The wideband convection speed is slightly higher than
the mean flow speed. The filtered correlations have given ed-
dy speeds higher than the mean speed and lower than the
mean speed near and away from the wall respectively, the
more so as the eddy size increases. Such behavior is
qualitatively similar to the lower Mach number case, as shown
on Fig. 4; note that for eddy sizes X- 7.56 the speed is nearly
constant at about 900 m/sec or Q.75ue. This latter result is in
agreement with data from Ref. 2, which, however, also
assigns a nearly equal speed to the total (unfiltered) tur-
bulence, in contrast to our findings as stated above.

In summary, certain features of the correlation tensor of
the hypersonic turbulent boundary layer seem to depart from
the corresponding features of the low-speed boundary layer;

in particular, the Mach 9.4 layer studied here decayed faster
than expected from low-speed data. The dependence of con-
vection speed on eddy size follows the trend observed in, but is
more pronounced than, the low-speed data. What is of con-
cern is the disagreement found between the present data and
the hypersonic data of Horstman and Owen,2 in which the
turbulence decay is extremely slow and in which the con-
vection speed of the total, unfiltered turbulence is almost
equal to the speed of the large eddies. This may be due to the
"transitional" state of the boundary layer of Ref. 2, or even
to the small differences in geometry and Mach number bet-
ween it and the present work. Further experiments at high
Mach numbers would therefore seen necessary to shed some
light on this issue.
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Introduction

SEVERAL studies*'3 in the recent past have indi-
cated that a continuum flow analysis to estimate the sur-

face properties of hypersonic vehicles with prolonged ex-
posure at high altitudes is sufficient provided that slip effects
are accounted for properly. Many authors4"6 have studied the
phenomenological expressions for slip velocity and slip tem-
perature on such a surface. More recent studies7 have been
conducted where these expressions were determined by com-
paring the results of numerical integration of the Navier-
Stokes equations with experimental data. No rigorous
theoretical conclusion is possible, but, insofar as agreement
with experiment goes, the use of continuum flow analysis with
proper slip effects has been found time and again to be quite
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adequate. The purpose of the present study is to demonstrate
the influence of the slip conditions and the slip constants on
the results predicted by the hypersonic viscous shock layer
equations, these being an approximate representation of the
compressible counterpart of the Navier-Stokes equations.

Governing Equations and Method of Solution
The equations and notations used are the same as those

used by Davis.8 It is unnecessary to present the equations,
since they are included in the paper cited. Two sets of surface
conditions were considered in the present study. The first set
was the same as that used by Davis [Eq. (2.7), Ref. 8] and will
be referred to here as standard slip conditions. A second set of
surface conditions as proposed in Ref. 9 was also employed
(referred to here as the new slip conditions). These new slip
conditions are identical to the standard set except that the
shear stress r in the velocity jump condition [Eq. (2.7b), Ref.
8] is replaced by the expression
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Fig. 1 Surface pressure distribution.

9)-

which is the vorticity on the surface. The conditions at the
position of the shock were represented here by a modified
form of the Rankine-Hugoniot relations, which are com-
monly known as "shock slip conditions/' the details of which
are given in Ref. 8.

The viscous shock layer equations were solved using a
method similar to that developed for solving the boundary-
layer equations, such as the method of Blottner and Flugge-
Lotz. 10 However, in the present problem, tjie calculation of
the shock wave shape at the outer boundary represents an
elliptic effect and must be handled in a fashion that reflects
the boundary- value nature of the problem. Thus, in the
present problem, the global variation of the shock shape over
the entire integration region is represented by curve-fitting the
shock shape at each stage of the iteration process used here to
solve the governing equations. This method is found to
represent the shock slope accurately and to lead to converged
solutions for the problem considered. For detailed description
of the numerical method employed, one may refer to Refs. 1 1
and 12.

Results and Discussion
Figure 1 gives a comparison of the surface pressure

distributions from the present results with the experimental
data of Boylan13 for hypersonic flow past a paraboloid. At-
tention is directed first to the perfect gas case (constant
specific heats and Prandtl number), which was solved under
the assumptions that the thermal accomodation coefficient
and fraction of incident molecules diffusely reflected were
unity. This result is seen to compare well, when the standard
slip condition is used, with experimental data everywhere ex-
cept in the stagnation region, where there is severe error. In
order to assess the sensitivity of these results to the perfect gas
assumption, these calculations were repeated using a binary
mixture of nitrogen atoms and molecules. § It is observed
from Fig. 1 that gas model has virtually no influence on the
predicted results, at least under these freestream conditions,
and thus cannot be held accountable for the stagnation-region
error. This certainly raises some question about the flow
model being used, but it also points to a dilemma where it is
not clear whether the experimental measurements produce the
pressure or the normal stress at the surface. It only can be
assumed at this juncture that the quantity provided by the ex-
perimental data is the same thermodynamic pressure being
calculated in the present solution.

In an effort to test further the slip model itself, the surface
pressure distributions were also obtained using the new slip

§Viscosity coefficients, specific heats, enthalpies, and the thermal
conductivities were the same as given by Davis.14 Lewis number was
assumed to be 1.4.
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Fig. 3 Further comparison of theoretical and experimental surface
pressure distributions.

conditions9 as shown in Fig. 1. It is seen here that under the
present test conditions the standard slip conditions and the
new slip conditions give identical results. It is believed, as
pointed out in Ref. 9, that trie new slip conditions would be
more pertinent for values of Knudsen number > 1 or at least
of the order of one. The stagnation region error, thus,
remains unaccounted. It was found further, through a series
of calculations,n that the removal of wall slip from the model
produced an overcorrection to the stagnation region level of
surface pressure, whereas the effect of shock slip, which
represents a departure from Rankine-Hugoniot shock con-
ditions, was only of a minor consequence for this test con-
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dition. This indicated that the jump conditions at the surface
might not be represented correctly with presently available
models. Particular interest centered on various slip constants
used in the preceding set of calculations, given as

tf, = l. 2304(2 -er)/6r

Cj =2.3071(2- oit)/at

where 6r = fraction of incident molecules diffusely reflected
and oit = thermal accommodation coefficient.

The possibility that the slip constants alf bj, cl did not
represent the present flow correctly was explored in a.
numerical experiment to assess the sensitivity of the results to
those values. Since the Stanton number was, in general, in
close agreement with experiment, only the constants ap-
pearing in a i and bj (which directly influence the pressure
level) were varied in the study. New constants were established
which exactly correspond to a 40% increase in 6r. However,
since Or by nature should be unity or less, this result translates
to the new set of coefficients, where the constants 1 .2304 in cij
are replaced by 0.527 and 1.1750 in b1 by 0.505. Figure 1
shows excellent comparison of the experimental and
numerical pressure distributions using the foregoing set of slip
constants. It has been found that the change in the coefficients
of the slip constants did not produce any loss in the good com-
parisons of the Stanton number.

Note is made here of the fact that there have been many ef-
forts in the past to determine these constants by other authors.
Figure 2 shows the predicted numerical results obtained here
using the slip constants proposed by Payne,5 Welander,6 and
Mott-Smith4 in comparison with those established in the
present analysis. Although all of these slip constants seem to
yield the same results for downstream points, the slip con-
stants in the present form show the correct trend of the ex-
perimental data at the stagnation point also.

Further comparisons were made with Little's data15 for
flow past a paraboloid over a range of freestream Reynolds
numbers of 180 to 12,700 and a freestream Mach number of
10. The predicted results, shown in Fig. 3, compare well with
the experimental data.

Based on the comparisons between the theoretical
calculations and the experimental data presented here, it ap-
pears that the viscous shock layer model is accurate over the
major portion of a blunt surface for a wide range of Reynolds
numbers. The apparent discrepancy in the predicted surface
pressure in the stagnation region apparently is attributable to
the slip constants used to represent the higher-order Reynolds
number effects at the surface. The constants established in
this study seem to correct this deficiency.
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Disjoint Design Spaces in the
Optimization of Harmonically

Excited Structures
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Nomenclature
G = shear modulus (psi)
Ia0 = mass polar moment of inertia/thickness (slugs)
J0 = area polar moment of inertia/thickness (in.3)
L = length of the rod (in.)
R = radius of the rod (in.)
5 = nondimensional spanwise coordinate
tj = thickness, design variable (in.)
T = amplitude of the applied torque (lb)
6 = rotational displacement (rad)
X = nondimensional frequency (= u>2IaoL 2 I (6GJ0))
ue = frequency of the harmonic excitation (rad/sec)

THE optimization of structures undergoing harmonic
excitation serves as a valuable starting point for structural

optimization studies with more general dynamic loadings.
References 1-3 deal with the minimum weight design of one-
dimensional structures under such conditions by developing
optimality criteria based on energy methods. In these studies,
equality constraints were placed on the amplitude of the
displacement or on the dynamic compliance. It was also
necessary to specify that the structure's first natural frequency
of vibration be greater than the excitation frequency. This
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